Abstract:
Introduction
The rate of a general homogeneous reaction is conventionally measured by following the decrease in concentration of reactants or the increase in concentration of the products at constant temperature. For the heterogenous reaction, however, the concept of concentration no longer has the same significance, and the progress of reaction is usually determined in some other way. Kinetics and the mechanism studies of heterogeneous reactions thus involve measurement of changes in the mass of reactants in the sample as a function of time at constant temperature [1] [2] [3] [4] . Many equations relating the rate of solid-state reactions under isothermal and non-isothermal conditions to the bulk nucleation, followed by three-dimensional growth and diffusive distribution at the phase boundary (classical Fick diffusion or Prout-Tompkins model) are summarized and discussed in the literature [5] [6] [7] [8] [9] . The interpretation of the kinetic equations is extremely complicated and depends on the manner in which the reaction starts, by a process of nucleation; how those nuclei grow and what the reaction or interface geometry is; and finally, how the reactants decay. Consequently, for the investigation of complex solid-state reactions, various novel mathematical approximations and computational models have been recently suggested [10] [11] [12] .
Yttrium aluminium garnet (2Y 3 Al 5 O 12 , YAG) is now widely used in optical materials because of a variety of unique optical properties. YAG doped with a transition metal or lanthanide ions is an important solid-state laser material [13] [14] [15] [16] [17] .
We present a mathematical approach for investigating synthesis processes at high temperatures. We applied our model to estimate the parameters of the YAG synthesis, such as the diffusion coefficients and reaction rates, using limited information from real laboratory experiments. Namely, the known data only include the synthesis halftimes at different temperatures and synthesis types, and approximate sizes of reactant particles. We use the Fick, Arrhenius, and mass action kinetics laws. Though the validity of the Arrhenius law for heterogeneous reactions Central European Journal of Chemistry has been questioned, the parameters obtained from it often have practical values even if their theoretical interpretation is difficult. In this paper, we mainly consider a two-dimensional model, with spatial variables (x 1 , x 2 ). For the one-dimensional (x 1 ) model, we refer to [3, 18, 19] . The paper is organized as follows. In Section 2, we give a brief description of laboratory experiments pertaining to YAG synthesis. In Section 2.3., we present a mathematical model for estimation of diffusion--reaction synthesis rates. In Section 2.4., we present the calculation method and steps, and in Section 3, we present the results obtained in one-and two-dimensional models. In Section 3.3., we give some comments on lower bounds for diffusion and reaction rates below which synthesis of YAG is impossible. We conclude in Section 4.
Experimental procedure
The YAG powders can be synthesized by many different methods, such as solid-state reaction, spray-pyrolysis, coprecipitation, sol-gel, and others. The conditions for the formation of monophasic YAG largely depend on the synthesis method used. For example, by changing the solid-state synthesis method to the sol-gel chemistry approach, the YAG formation temperature decreases from 1600ºC down to 1000ºC [19] .
Sol-gel method
In the sol-gel synthesis, yttrium oxide was dissolved in 150 mL of 0.2 mol L -1 CH 3 COOH by stirring the mixture for 10 h at 55-60ºC in a breaker covered with a watch-glass. To this solution, aluminium nitrate dissolved in 50 mL of distilled water was added, and the resulting mixture was stirred for 2 h at the same temperature. In the next step, 1.2 ethanediol (25 mmol) was added as a complexing agent to the above solutions. The acidic medium (pH 5) prevents the flocculation of metal hydroxides in the mixtures and no adjustment of pH was necessary. After concentrating the solutions by slow evaporation at 60-70ºC under stirring, the Y-Al acetate-nitrate-glycolate solution turned into a white transparent gel. The gel was oven-dried at 60-70ºC, as a result of which it became light brown due to the initial decomposition of nitrates. The gel powders were ground in an agate mortar and preheated for 2 h at 800ºC in air. Since the gels are highly combustible, slow heating (2ºC min -1 ), especially between 150 and 400ºC, was found to be essential. After an intermediate grinding, the powders were additionally sintered at various temperatures from 1000 to 1600ºC in air. The optimum annealing time was 5 h at 1000ºC, 4 h at 1200ºC and 3 h at 1600ºC.
Solid-state method
In the solid-state reaction method, the stoichiometric mixture of metal oxides (5Al 2 O 3 and 2Y 2 O 3 ) was carefully ground in an agate mortar and annealed at various temperatures from 1000 to 1600ºC in air. The monophasis YAG was obtained only at higher temperature, after sintering the oxide precursor for 5 h at 1600ºC.
Mathematical model
We denote by C 3 the concentration of 2Y 3 Al 5 O 12 resulting from the synthesis of 5Al 2 O 3 and 3Y 2 O 3 with concentrations C 1 and C 2 , respectively, in the reaction
(1)
The reaction rate w can be expressed by the the following rate law: (2) where k is the reaction rate.
The changes in the concentrations of the reactants by diffusion is described by Fick's second law: (7) with initial conditions and some boundary conditions (to be stated below) on the boundary V ∂ of V . Since the sizes of molecules Y 2 O 3 , Al 2 O 3 , Y 3 Al 5 O 12 are nearly the same, we assume that all the diffusion coefficients are equal, that is,
Since the properties of solid-state materials change at high temperatures, we think that it is acceptable to apply methods typically used for liquids.
We analyze the relations between D and k by using the following data known from the laboratory experiments at Vilnius University: the synthesis halftimes at different temperatures and synthesis methods, and typical dimensions of the reactant particles. By the half-time we mean the time, denoted 1/2 t , in which the total concentration of initial reactants falls to one half of its initial value; thus, it satisfies the equation
The half-times 1/2 t approximately equal 5, 4, and 3 hours at temperatures T=1000ºC, 1200ºC, and 1600ºC in the sol-gel synthesis method and 5 hours at 1600ºC in the solid-state synthesis method. At the preparatory stage of the synthesis (using both solid-state and sol-gel reaction methods), the reactants are milled and mixed thoroughly in some cubic volume. The particles in the synthesis space are distributed randomly since their exact initial positions are unknown. As a result, computer modeling would require a prohibitively large amount of memory size to store particle positions. Therefore, we assume that the particles are periodically stored in the synthesis volume as shown in Fig. 1 . Then, because of periodicity, it suffices to consider the reaction in the cubic synthesis space
with zero-flux boundary conditions,
, where n is the vector normal to the boundary. However, solving an inverse three-dimensional problem is computationally very time-consuming. Therefore, we consider the twodimensional model and assume that, initially, the squareform particles are situated in a ``chessboard pattern'' as shown in Fig. 1 (case a) . The typical volume of particles is 1 µm 3 in the sol-gel synthesis method and 10 µm 3 in the solid-state method; therefore, in the two-dimensional model, we suppose that the corresponding line dimensions of particles are 1 = a and . So, summarizing, we arrived at the equation system Eqs. 5-7 in the synthesis space We also compare the results with those in the onedimensional model. Note that in the one-dimensional model, the ``chessboard'' simplifies to several black and white blocks of length a (see Fig. 1 , case b) and arbitrary height; so, in the limit, the latter can be assumed to be zero. Therefore, the synthesis space can be assumed to be one-dimensional; that is, ) (0, = a V with a=1 and a=10 for the sol-gel and solid-sate synthesis methods, respectively. In such a model, diffusion only takes place in the 1
We use the finite difference technique [20] to solve the partial differential equation system Eqs. 5-7 numerically.
Our parameters estimations are based on the Arrhenius laws describing the temperature dependence of the diffusion and reaction rate coefficients by the following relations: Mathematical approach to investigation of synthesis processes at high temperatures
Calculation method
We calculate the diffusion and reaction rate coefficients as follows: First, for each of the temperatures T 1 =1000ºC, T 2 =1200ºC, and T 3 =1600ºC, we draw the graphs 1
of the diffusion and reaction rate parameters for which the half-times are equal to those of the laboratory experiments by using the solgel synthesis method (i.e., t 1/2 = 5,4, and 3, respectively). To this end, we use our computer program which, given any fixed D, half-time 1/2 t , and particle size a, numerically solves the system Eqs. 5-7 until the half-time condition Eq. 8 is satisfied and, using the middle-point method, finds the value k such that 
Results and discussion
Following the scheme given in the previous section, we obtained the following results.
3.1. One-dimensional model (10) (11) 3.2. Two-dimensional model 28e-6,192 
The Arrhenius law equations Eqs. 10-13 obtained give us the diffusion and reaction rates at temperatures T=1000ºC, 1200ºC, and 1600ºC, presented in Table 1 .
The corresponding points In Figs. 4 and 5, we compare the diffusion and reaction rate coefficients as functions of temperature (the Arrhenius law) as calculated from the one-and twodimensional models.
We see that reaction rate coefficients are rather similar in both models, although the diffusion coefficients are not. The latter difference can be explained by noticing that, in the one-dimensional model, the diffusion actually begins from a single point, while in the two-dimensional model, the ``diffusion surface'' is essentially larger.
Conditions for occurrence of synthesis
In Fig. 6 show that the lower bounds of the reaction rates for sol-gel and solid-state methods at 1600ºC are approximately equal to k 1, min = 175 and k 2, min = 120, respectively; at lower reaction rates, the YAG synthesis is impossible.
Conclusions
Using a mathematical model based on Fick's second law, mass action kinetics and Arrhenius laws, we have analyzed a method for calculation of diffusion and reaction rate coefficients of heterogeneous reactions for a two-dimensional model at high temperatures. First, we have used the half-times of two experiments based on different methods at the same fixed temperature. Furthermore, using two additional half-times obtained by the same method at different temperatures:
1. We obtained explicit formulas for the coefficients expressing the dependence of the diffusion coefficient and reaction rate on the temperature, provided by Eqs. 10-11 and Eqs. 12-13.
2. At the same time, we have calculated activation energies, important data that can be used to analyze other syntheses.
3. We have calculated the lower bounds of diffusion and reaction rates below which syntehsis is impossible at a given temperature for different methods. The main reason for different lower bounds of diffusion rates in different models is different particle sizes, and diffusion is not sufficient when particles are large.
